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This investigation pe.rtains to the stress analysis by the finite 
element method of a wall footing subjected to external vertical loads 
and external overturning moments. This problem has been reduced to 
a two~dimensional stress analysis problem by taking a unit length of 
the \·n.lll. A rectangular plate - element is used throughout this in-
vestigation. The development of the matrix equations is shown and the 
solution is performed by digital computer. Stresses in the horizontal 
direction show essentially linear variation which is in agreement with 
simple structural theory, while stresses in the vertical direction 
show severe perturbation near the column load. TI1e a and a stress X y 
distributions and the deflections are shown and discussed. 
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1-lany recent technological advancements have encouraged a more re-
fined analysis and design of complex structural systems. l-Jith the 
advent of high speed computing machines, the door has been opened for 
the practical use of the matrix formulation of structural analysis. 
Previously, the amount of computational work associated with these 
methods was considered prohibitive for hand solution. The matrix for-
mulation has simplified and generalized the mathematical expression of 
the basic concepts of structural theory. 
The first step in any method of analysis is the idealization of 
the structure. The correct solution to a stress distributi~n problem 
for any idealized structure is the one in which all structural elements 
are in equilibrium, deformations are consistent with continuity, and 
all boundary conditions in terms of forces and/or displacements are 
satisfied. These conditions alone are necessary and sufficient for 
the correct solution. Therefore, it is necessary to write equations: 
(a) of equilibrium for each structural element, 
(b) of displacement compatibility for each structural element, 
(c) and for boundary conditions. 
One useful numerical method which has been extensively used, the 
finite difference method, which replaces the derivatives in the dif-
f(:rential equation \vith simultaneous algebraic equations, is one of 
the good mathematical approximations. However, it should be indicated 
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that the finite difference method, being mainly a mathematical approach 
is some\vhat abstract in nature and hence not very easy to visualize 
physically. 
A method similar in nature but someHhat different in approach is 
the "finite element method." This method may be vie\ved as a generali-
zation of structural theory that makes possible the analysis of two-
dimensional elastic continua by the same procedures used in the analysis 
of ordinary framed structures. As far as the engineer is concerned, 
further development of the finite element method would be of great 
help as simple principles of mechanics and geometric compatibility 
are involved. Thus the analysis is accomplished with methods and 
techniques within the experience of most engineers and the model is 
physically understandable. 
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II. LITERATURE REVIEW 
From a historical standpoint, a one-dimensional finite element 
was first introduced by Saint-Venant in his work on torsion and flexure 
of beams. This work 'vas of primary importance in the basic develop-
ment of the field of structural analysis. According to Wilson (9), 
McHenry, Grinter and Hrenikoff have approximated b~o-dimensional ele-
ments by systems of one-dimensional elementso Turner, Martin, Clough 
and Topp (5) . first introduced the two-dimensional plate element in 
the analysis of aircraft structutes. Clough (7) has presented both 
rectangular and triangular plate-element models for plane-stress struc-
tures. He developed the solution by the standard structural matrix 
anal-ysis procedures formulated by Argyris (3), (4). Hilson (9) genera-
lized and extended the finite elem-=nt method as applied to bvo-dimen-
sional struct11res. 
Melosh (6) developed a stiffne ss matrix for an isotropic rectan-
gular plate of uniform thickness for application to the analysis of 
thin plates o:E variable thickness in bending. He showed this stiff-
ness matrix to exhibit excellent convergence characteristics. He 
also sho1ved that this stiffness matrix could be directly generalized 
for the solution of orthotropic panelso 
Since its original development in the aircraft industry in 1953, 
the f~nite element method has proven to be extremely effective for 
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the treatment of problems in plane stress and plane strain, and the 
applicability of the technique to plate bending problems has also been 
demonstrated by Clough (7). Popov (11) presents another potentially 
useful application for the finite element plane stress analysis in the 
evaluation of membrane stresses in shell structures. In this article, 
Popov gives a solution for thin shells of revolution in which an actual 
shell of arbitrary shape and smoothly varying thickness is approximated 
by a series of truncated cones and cylinders and by shallow spherical 
caps for the end pieces. With the structural properties of elements 
known from available solutions of conical, cylindrical and spherical 
shells, a solution of the general problem can be obtained for any 
axisyrnrnetrical loading system wit~ the matrix methods familiar to 
structural engineers. 
Clough and Rashid (10) have considered axisymmetric elements of 
triangular cross section. The procedure for evaluating the element 
stiffness is expl~ined, and the modifications required to adapt a 
finite element plane stress digital computer program for , the tre~t-
\ . ' ·, .· •. ' (.} •. , . ,II .. I c ( ..... \ ~ · ~ .. .. , t . : 
ment of axisymmetric systems are discussed and -r -es-ul-ts of several 
example analyses are presented. The solution of the Boussi.nesq pro-
blem, a concentrated load applied to an elastic half-space, is shown 
to demonstrate the accuracy of results that may be obtained by this 
method. 
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-III. THE FINITE ELEME1\1T HETHOD IN PLANE STRESS ANALYSIS 
For the benefit of the reader the information included in this 
chapter ~s presented as background theory for the thesis. With occas-
sional modifications, most of this material is taken from Ray Clough's 
article: "The Finite Element Hethod in Plane Stress Analysis." (7) 
A. Basic Assumutions 
The basic concept of the finite element method is the idealiza-
tion of the actual continuum as an assemblage of a number of discrete 
structural elements, interconnected at the corners or nodal points. 
For this purpose, the finite elements are formed by figuratively cut-
ting the original contin~Jum into a nun!ber of appropriately shaped 
pieces, retaining in the elements the properties of the original mater-
ial. In the analysis, these assumed structural elements are entirely 
e9uivalent to the beams and girdars of an ordinary framed structure; 
the analysis process consists merely in the normal operations of satis-
fying compatibility and equilibrium conditions at the nodal points, 
using any standard structural analysis procedure. 
In practice, the displacement method of structural analysis gener-
ally has been found most convenient for treating finite element ideali-
zations of elastic continua. Using this procedure, the analysis maj 
be carried out in the following steps: 
1. Idealization: dividing the elastic continuum into a system of 
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appropriately shaped finite elements. 
2. Element Analysis: evaluating the stiffness matrices which relate 
the forces developed at the element nodal points to the correspond-
ing element displacements. 
3o As~embly of Elements: evaluating the nodal stiffness matrix for 
the complete structure, by superposing appropriate element stiff-
nesses (after these have been expressed in a common coordinate 
system). 
4. Displacement Analysis: solving the nodal equilibrium equations 
(expressed by means of the structure stiffness matrix) for the 
nodal displacements resulting from applied nodal forces. 
5. Stress Analysis: computing the element stresses resulting from 
the computed nodal displacements, making use of element stiffness 
matrices. 
The analysis is general and may be progranuned for solution by 
digital computers. Because a relatively large number of finite ele-
ments is needed to provide a realistic i.dealization of an elastic con-
tinuum, the number of eq-:..tations to be solved in step · "4" may be rather 
impressive. Since the atiffness matrix for any practical system is 
only sparsely populated, special techniques can be developed for effi-
ciently solving these large sets of equations. 
The type of approximation involved in the use of an assemblage 
of finite plate elements to represent a plane stress problem is illus-
trated in Figure· 1. Figure 1 (a) show·s the section of a wall footing 
with loads which are a.ssumed to subject it to a conditton of plane 
stress. Figure 1 (b) shows an idealization of the same wall footing 
built up as an assemblage of rectangular plate elements and subjected 
to loads at the nodal points. This idealization satisfies the normal 
definitiori of a structure, and therefore, this system can be analyzed 
by standard structural methods if the stiffnesses of the rectangular 
plate elements can be evaluated. 
Before proceeding further, it would be advisable to consider the 
adequacy of the plate element approximation. The basic characteris-
tic of the approximation is shown clearly in Figure l(b). The princi-
pal effect of the segmentation is to relax continuity requirements 
between elements except at the nodal points. It would appear that 
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this approximation would greatly increase the flexibility of the struc-
ture, and distort the stress distribution in the vicinity of the nodal 
points. However, it will be seen in the derivation of the plate ele-
ment stiffness matrix that the plate element stresses are assumed to 
vary linearly over the surface of the element, and consequently the 
plate element strains are subject to constraints. For this reason, 
continuity between plate elements is approxinated over the entire 
length of the side~ even though it is specified only at the joints, 
and stress concentrations do not develop at the nodal points. Thus, 
it is clear that the finite elements are not merely pieces cut from 
the original structure.. They actually are special types of elastic 
elements constrained to deform in specific patterns, such that contin-
uity of the assemblage tends to be maintained. Obviously, any errors 
associated with this type of idealization can he reduced to any .desired 
value by merely. reducing the size of the elements and thus increasing 
8 
the number of nodal points at which continuity is specified explicitly. 
B. Derivation of Stiffness Matrix for Rectangu~ar Plate Element 
The general form of the rectangular plate element to be considered 
is shown in Figure 2. The plate has a uniform thickness "t". The 
four corners are nodal points at which the plate elements may be inter-
connected and are designated by letters i, .j, k and 1 as shown. The 
element is provided with three reaction components s~, s~, and s~. 
l. 1 J 
The selection of these three reactions is arbitrary; any three re-
actions which provided stable support would have been suitable. There 
re~ain five displacement components of the nodal points in the "x" 
and "y" directions, and five corresponding forces. Thus, '\vith respect 
to nodal displacements, the plate may be said to have five degrees of 
freedom. These five degrees of freedom will be expressed in terms of 
the five independent stress patterns shov111. in Figure 3 (a). Each of 
these stress patterns is associated with a characteristic nodal de-
flection pattern, as shown "in Figure 3 {b); and since these patterns 
are :i.ndependent, they can be used as co··ordinates in place of the indi-
vidual nodal displacements to represent the five degrees of freedom 
of the plate. 
The linear relationship ·between nodal displacements and stress 
patterns is expressed in matrix form as follo'tvs: 
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(a) Stress Patterns 








(b) Nodal Displace~ents 








a -a 0 0 
-~/a bA. 
m 
0 -a 0 n 
{ 
vk I 1 i = -b 0 p 0 b 
i E 
ul t f 
l I I vl i l 
! 
2 I -oi'a bA. 
b 0 j (1) 
a 0 
0 b 
or if we re.present each matrix by a s_ingle symbol, we have 
[ v] = [A] [a] (la) 
where rv1 represents the nodal displacements, fa) represents the 
assumed stress patterns and [A) represents the linear relationship 
bet~veen those quantities, including the scalar multiplier 1/E. 
In this analysis, it would be advisable to express the stress 
patterns in terms ·of the nodal displacements. Hence the matrix A 
will be inverted and equation (la) reHritten 
[a] = r . LA -1] l v] (2) 
The stref~s at any point in the plate may be expressed in terms of 
thG stress patterns as 
r<1 l r 1 2y/b 0 0 0 I m l IX n I :y ·- 0 0 1 2x/a 0 p I I I l l J q 0 0 0 0 1 I r (3) l 
or, [cr] - [n} [a ] (3a) 
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where [cr] is the internal stress matrix and [B] is the stress trans-
formation matrix. Substituting equation (2) into equation (3a), the 
internal stresses could be expressed in terms of the nodal displacements 
as (4) 
Finally, the stress-strain relationship of plane elasticity may 
be expressed as 
f ex l ~~ -~ 0 1 f (j l X I ; i 1 
' 
~ E 
-- 1 0 cr 
I y E I y j I j j J I y L 0 0 "'A. I (5) i J I ,. L L 
or, [EJ = fcJ [a] (5a) 
in 'tvhich [ c] includes the scalar multiplier 1/E. The internal strains 
of tl~e plate element may be expressed in terms of the nodal displace-
ment.s by substituting equation (4) into equation (Sa). Hence, 
[E] = TcJ (B) [A -11 [v) (6) 
'Now, the stiffness of the plate elerr:.ent which expresses the relation 
bet1;..;een nodal forces and nodal displacements could be derived upon 
applicatlon of the principle of virtual displacements (see Reference 
3). This principle states that if an elastic system is in equilibritm 
under the action of a system of forces and is subjected to a virtual 
displacement compatible \vith the constraints of t:he · system, the virtual 
work done by the external forces is equal to the virtual work done 
by the internal stresses. Now, hc;re it lvill be assumed that the plate 











Thi.s set of external nodal forces rsl is assumed to be in equilibrium 
... ~ 
with a system of forces caused by internal stresses (cr] • This ele-
ment.is then subjected to successive unit virtual displacements at 
the nodes such that 
1 0 0 0 0 
1 0 1 0 0 0 [ vJ = 
0 0 1 0 0 i 
j 0 0 0 1 0 0 0 0 0 1 
and [ v] produces a compatibl~ set of internal strains I €) • 
The virtual external 'tvork, We' performed by the real nodal forces 
on these virtual displacements is expressed in matrix form by 
w 
e 
[v] T [ s 1 (8) 
in vvhich the superscript "T" denotes the transposition of the matrix. 
Also, the virtual internal work, W., 
~ 
acting on the virtual strains [€] is 
w. 1 tJf["E]T 
done by the real internal stresses 
given by 
[a] dx dy (9) 
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in V.Thich "t" represents tl1e plate th, .. ckness. s• rc:l • • 1 
. L 1.nce :.. J 1.s symmetr1.ca , 
on trRnsposing equation (6) we have 
= [cJ 
Substituting equations (6a) and (4) into equation (9), the internal 
virtual work becomes 
w i tJJ [ v] T [ -11 T A I J T (B) 
(6a) 
(9a) 
Assuming unit values of the nodal displacements to be applied succes-
sively, the matrix expressing these nodal displacements is a unit 
or identity matrix, i.e. 
T 
v r -J I V == I (10) 
Substituting equation (10) into equations (8) and (9a) and equat-
ing the external and internal virtual work quantities, we have 
S t ff [ A - 1] T (B) T [ C J [ B] [A - 1 ) [ v j dx d y (lOa) 
or since the nodal displacements v are not functions of x or y, 
s t ff r -1, LA j T (B] T r c1 1.. J [B) r -1] LA dx dy [v] (11) 
Equation (11) may be written in the form 
[ s 1 (k] [v] (lla) 
in \vhich k stands for the stiffness matrix of the rectangular plate 
element and is given by 
k tJ[[A-11 T I , 'r I G\· \ B \ lA -11 dx dy (12) = \ B l I. 
The desired rectangular plate stiffness matrix may be evaluated 
by performing the indicated matrix inversions and multiplications and 
then integrating the resulting matrix term by term bet\veen the limits 
of -a/2 and +a./2, and -b/i~ and ·t-b/2 ia t.he x and y directions respec-
tively. The final result is obtained as k, Table 1. 
















2 2 (1- · . --(2~ )m- ~) 
3 m 
1 + IJ. 




2 2 1-n. -(4-~J, )m+(~) 3 m 
· 2 2 1-u. 
--(4-IJ. )m+(.=.-.:.) 3 m 
. 1-3J..L 
2 4 2 3(7)+(11-l)m 
- (1-31J,) 
(Symmetrical) 
2 2 1.:1!; 
3(4-IJ. )m+( m ) 
1+tJ, 
where, m = b/a. 
TABLE 1. Stiffness Matrix for Rectangular Plate Element 
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The rectangular plate element stiffness matrix derived above 
defines the elastic properties of individual elements of the assemblage. 
To describe the elastic properties of all of the elements of the assem-
blage, it is necessary to list the stiffness matrix of each of the com-
ponent parts in some systematic manner. If, in general, the elements 
of the structure are denoted by A, B, c, D ••• etc., the stiffness matrices 
of these individual elements may be denoted by kA' kB' kc, ko ••• etc. 
The stiffness of all of these various parts in the system may then 
be represented by a single diagonal T.atrix of sub~atrices, each of 
which represents the stiffness of a sir,gle elE:ment. Hence if k re-
presents the complete diagonal stiffness matrix, it may .be \·lrittcn as 
k = 
L 
r 1 kA 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 kB 0 0 0 0 0 0 0 0 0 0 0 0 
o o kc o o o o o o o o o o o 
0 0 0 ku 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 kE 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 kF 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 kG 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 ~ 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 kl 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 
0 0 0 
0 0 0 
0 0 0 










0 0 0 






c. Displacement Transformation Matrix 
The displacement transformation matrix defines the geometric con-
figuration of the assemblage of plate elements. Specifically, it is 
a listing of all element deformations which are caused by an individual 
nodal displacement. Consider, for example, the portion of a rectangu-
lar plate assemblage sho,vn in Figures 4 and 5. A single interior nodal 
point displacement will induce deformations in four adjoining plate 
elements. For instance, the vertical displacement of node 8 affects 
plates P, Q, R and S, each in a different manner as shown. Because 
this nodal displacement violates the assumed element support conditions 
for plates P, Q, it is necessary to rotate the.m back to their original 
base lines as shown in Figures 4B and SB in order to express their 
deformations in terms of the nodal displacements utiliz~d in deriving 
the element stiffness matrix. 
The plate element distortions (u, v) induced by horizontal and 
vertical displacements of joint 8 may be summarized as follows: 
r u ·1 r -1 
., fuj f +1 b~J 0 ! I I I u~ I -1 -b/a : 0 I j uk I I !i l 
-1 ifrxl 1 1 v I 0 ~ v 0 0 irx l k i ; "k 
b/aLY i 
; 
'l J I I u1l i -1 -b/a llry ; ul 0 I I ,, .J I a I 
' 
r s 











(a) Portion of Rectangular Plate Element Asseroblage 
Having Displacement of rY = 1 
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r) ,.D Plate Distortions for System of Figure 4 (a) 
! 1 Figure 4. Plate Distortions for Systems 
I 
! I Having Distortions of r~ = 1 
I p 
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1 (b) Plate Distortions for System of Figtire 5 (a) 
!Figure 5. Plate Distortions for Systems Having Distortions of r; = 1[ 
1------"----·--· · ·--· -------------------·· ·----- ·~ · --·-- ·-"--··---·--·-------- ···-··-- ·· -···-·- -·- · ·--··--- ·· ... ··-··· ..l 
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f u. 0 0 f u j 1 [ 0 ol ! J ! u 1 0 0 0 ! k I Uk \ I 
I vk i 
I 
1 ! [rx1 ! l xl vk : 0 = 0 0 . r 
0 ·j rYJ 
. ' 
:l rY j . u 1 1 ! . 0 j Ul i . 1 0 
• ! 
0 j 8 l vlL l 0 I 8 : v J 0 1 I l 1 R 
J 
Denoting each of these matrices by a single symbol, this entire 
group of relationship's may be combined into a single matrix equation 
(14a) 
In this matrix equation, each [v) represents a column of 5 ele-
ment deformations, each [a] represents a 5 x 2 displacement transfer-
fr] mation subrnatrix, and each t represents a column of two nodal dis-
placements. The submatrix aiP specifies the deformation of plate Hp" 
resulting from unit x and y displacements of its joint "i" and so on. 
As an example, the displacement transformation matrix for the 
plate system shmvn in Figure 6 will be written. This assemblage has 
9 jointo \·lith two degrees of freedom each. The deformations of the 
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where, the submatrix akA specifies the deformation of plate "A" re-
sulting from unit x and y displacements of its joint nk", a 10 indicates 
the effects on plate "D" of displacing joint "1" etc. 
In general, for any st~uctural system, the displacement trans-
formation rna~rix relating the deformations of ~11 structural elements 
[v] to the displacements of all nodal points [r] may be written sym-
bclically as • •j lVJ = [a] [r] (15a) 
D. Load Hatrix 
-------- --
The stiffness and displacement transformation m?trices described 
above serve to define the properties of the structure under considera-
tion. However, it is also necessary to specify the loading conditions 
23 
to lvhich the structure is to be subjected. This is accomplished by 
the load matrix Hhich is a rectangular matrix having one row for each 
independent displacement component of the structure's nodal points, 
and one column for each separate loading condition to be considered. 
As an e x ample of the development of a load matrix consider the load 
system shm.vn in Figure 6, which may be considered to be one typical 
load condition to be applied to the structure. 
The column of the load matrix is simply a listing, joint by joint 
and component by component, of the loads applied to the a ss emblage. 
Positive load directions are taken to correspond with positive dis-




































































Ry I 0 (16) 9 
.l 
It should be noted that the sequence of listing the loads in the 
load matrix columns must correspond with the sequence of listing the 
displac ement transformation matrix. 
E. Matrix Method of Analysis 
Having defined the structural properties and load system in matrix 
form, the analysis of the forces in the structural elements and deflec-
tions of the nodal points proc e eds as a succession of matrix algebra 
oper a tions. Since the proc e dure is developed in d e tail by Argyris (3), , 
it \vill on.ly he summari~ed here. 
The s t iffness ma trix [K] of th e ass embled structure may be d e fined 
by (17) 
This eq ua tion specifies the v a lues of the joint fo1·cc components 
\-7hich ar t~ cause d by unit values of the nodal displ e1 cements. The evalua-
25 
tion of the stiffness matrix is a coordinate transformation, from the 
coordinates defining the distortions of the individual plate elements 
[v1 to the coordinates defining the joint displacements of the struc-
ture [r] and is given by 
= rkl la1 l .. (17a) 
in which [k] is the matrix of all individual element stiffnesses 
(equation 13) and raJ is the displacement transformation matrix which 
serves to transform from one set of coordinates to the other. 
Now, since the typical structural problem will involve an analysis 
of the effects of given loads rather than given displacements, it will 
be necessc.ry to invert. the structure's stiffness matrix. to obtain 
the flexibility matrix 
= 
The product of the flexibility matrix and the load matrix [RJ 
v1ill then yield the joint displacements caused by the applied loads. 
[ r 1 = 
(18) 
(19) 
and the forces in the structural elements [sJ are obtained from individ-
ual member stiffnesses r k' L J and the member deformations (v] 
[s] r 1 [ v 1 = [ k 1 [a] 1rl = [ k] l a 1 LF1 LR-J (20) == L k1 l J 
Equations (19) and (20) present the final results of a typical 
structural analysis: the member forces and the joint displacements 
caused by the given loads [ R j . In this particular problem it would 
be more advantageous to determine the stresses in the plate elements 
rather than forces acting at the nodal points. Referring back to equa-
tion (2)) it is seen to relate the values of the assumed stress patterns 
L a:] to the deformations of the plate elements [v J and equation (20) 
relates the plate deformations to the applied loads. Thus it '\vould 
be easy to express [a] in terms of the applied loads. However, for 
simplicity in interpreting results, the stress quantities [L:} shown 
in Figure 7 are preferable to the stress patterns Ja] of Figure 3. 
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Substituting equation (2) into equation (2la), the final relation-
ship bet'\"'7een the stresses in any element "L11 and the deformations of 
the element becomes 
"t:vhere, r H 1 l L 1 f A l L 
-1 1 j 
(22) 
(22a) 
may be designated as th e stress matri x relating plate element stresses 
to the deformatic)ns for this particular element. Again, forming a 
diagonnl matrix of the s1:rcss matrices for each element in the stl~uc-
ture: 
27 
Figure 7. Definition of Final Stresses 
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K 
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0 0 0 0 0 0 0 0 0 0 0 0 0 ~ (23) 
the stresses in the entire assemblage of plate elements can be ob-
tained as follows 
[ }: J = [M] [v] [M](a][rl [ M ] [a 1 [F ] [ R] (24) 
29 
Thusj equations (19) and (24) may be taken as representing the 
final results of a finite plate element analysis. 
In summary then the matrix operations \vhich are programmed for 
computer solution are: 
[ L:] [Mj [a l [F l (R J (24) 
l H) lN) [A- 1 ) (22a) 
I Fl [ K-11 (18) 
{ K) laT] [k1 [a1 (17a) 
\vhere input data is: 
[k] Element stiffness matrix (pp. 15j 16) 
La] Displacement transformation matrix (pp. 17-22) 
[R] Load matrix (pp. 22-24) 
[N} Transformation matrix for stress pattern and nodal 
stress (p. 27) 
Transformation matrix for stress pattern and nodal 
deformation (p. 11) 
IV. EXAHPLES 
A. Problem 1: Wall Footing Subjected to External Vertical Loads and 
No Overturning Moment 
This v1as selected as a test problem to observe the suitability 
of the approach by this method and also the computer program, since we 
already have a rough idea of the stress distribution. 
As shown in Figure 8, the loading here is a vertical load of 500 
kips per rJnning foot of the wall. The dimensions of the footing 
30 
have been arbitrarily selected as 10' long, 1-1/2' depth and an unspeci-
fied width as we are considering a 1' strip of wall for purposes of 
our analysis. Thus we get the soil pressure due to the load as 50 kips 
per foot. 
The displacement transformation matrix and other related matrices 
are developed as explained in the previous chapter. Only one half of 
the footing is considered, since the solution for the other half is 
exc:c t ly the same. The l_oading and geometry of the problem are shown 
in Figure 8. The soil pressur~ was assumed to be a linear distribu-
tion. Although this solution is only a first approximation to a real 
problem, it is a corrunon assumption in foundation design and convenient 
for the purposes of this investigation. These uniformly distributed 
forces due to the soil pressure on the lowermost line of elements are 










'P: soo K.\.fS I fl:-. ..,.U.'A oF Wc~.ll 
I If woo..Ll. 






----------- -- --1---- ~r-1- ·r • r~...-.----~r~----- ___  _ __ ___  -- ______ j p:. ~:"K~~~-
(a) Loading 
P-= 5oo t</ft. 
( b ) Finite Element Representation 
Figure 8. Wall Footing with no Eccentricity of 









points. Similarly, the 500 kip per foot force acting on the wall is 
resolved by statics into concentrated forces acting at the nodal points 
as shown in Figure 8. 
A hinge is provided at the lower most point along the center-line 
of the footing at the lower left nodal point of the element "0". This 
is done to provide a geometric reference point when considering the 
two halves of the structure separately. Roller supports are provided 
at joints 1, 2, and 3 as shown in the Figure (8); this is done to pro-
vide restraints in the X - direction and hence keep the center line 
vertical and straight. 
~ The results, Figures 9 and 10, show the distribution of stresses 
a and a . 
X y 11-le a stresses vary linearly for the first t"~;vO columns of y 
elements and then dampen down to stresses of a very small magnitude. 
The a stresses sho"~; .... a strikingly linear variation right through, the 
X 
variation being greater near the center line of the footing and then 
gradually reducing to linear variations of a small magnitude. The 
deformations or deflections of the footing are also shown in Figure 11 
and they are seen to have a tendency to lift up toward the edge of 
the footing. It must be realized that the stresses and deformations 
have been plotted to a greatly exaggerated scale ' in. the vertical direc-
tion. 




tain. a value of 8.35 k.s.i. at the column face or 9'' from the center 
line of the footing. This compares very well with the mean value of 
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i.e. at the top of the footing. Again, at the bottom of the footing 
an average value of 8.30 k.s.i. is obtained at the node between the 
elements 0 and P, which compares well with our value of 8.35 k.s.i. 
This illustrates that an arithmetric mean of the element stresses 
gives a good value at the nodes of the adjoining elements. 
Upon summation of the forces in the vertical direction considering 
one half of the footing, we have an upward force of 250.06 kips taking 
into consideration the· top row of elements. This compares well with 
the vertical downward load of 250 kips. nle middle row of elements 
exerts a vertical upward force of 248.25 kips and the bottom row of 
elements 244.75 kips. The bottom row does not give as good a value as 
the top two rows because of the hinge support p~oviJed at the bottom. 
Judging by the close proximity of the results of this problem 
with values obtained by using f 
Me r-' the summation of vertical 
forc~s due to stresses at various sections balancing the vertical 
dowrn~ard loads, and the consistent form of stress waves obtained, it 
is evide11t that our approach is a good one. 
B. ~!o~J~m 2: Wall Footing Subjected to External Vertical Loads and 
pverturning Moments with the Resultant Falling within 
the Middle Third of the Footing 
In this problem, exactly the same footing and the vertical load 
us for the first problem is used but in addition the footing is sub-
jected to an external overturning moment of 8000 kip inches, so as to 
ca11se the resultant to fall within the kern of the footing. Except 
37 
for the load matrix the same matrices as used in the first problem are 
used here. Since the soil pressure is not uniform in this case, each 
half of the footing is considered separately. 
On considering the separate halves of the footing, it will be 
found tl1at the vertically upward forces are not eq~al to the vertically 
downward forces. Since the footing is to be analyzed one half at a 
time in view of the large number of elements involved, each half of 
the footing must be in static equilibrium. This is performed by 
distributing the imbalance as four equal shear forces acting along the 
cenc0r line of the footing at the nodal points 1, 2, and 3 and at the 
hinge. The vertical reaction or the upthrust of the hinge is assumed 
to represent the shear force provided at the hinge. This method of 
distributing the imbalance is justifiable because we will have on 
either side of the cP.nter lir~e shear forces of the same magnitude but 
opposite in direction, which is statically correct. 
It will be found that the cry stresses for the upper part of the 
footing and under the moment_ fluctuates violently and then gradually 
cl.:1mpens dovlll into a smooth Have. This is also true to a limited ex-
t: -2 nt for th ·2 lowe r part of the footing. This phenomenon may be ex-
pluined by th e fact that the heavy moment acting on the footing tends 
to throw the footing off ba~ance and cause local concentration of 
stres~es in that area. i-'1oreover, the assumption made of the shear 
Jistribtition at the center line is not correct. The shear distribution 
is unbalanced (146.7 kips considering the left half of the footing and 
137 kips considering the ri~1t half). On observing Figure 13 it will 
38 
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Figure 13. Finite Element Representation--Problem 2 
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be found that within the adjacent elements on either side of the cen-
ter line there is a great variation in the concentrated nodal forces , 
this in turn causing a great fluctuation in stresses and strain in 
this section. This fluctuation could be minimized by reducing the 
size of the elements at this section. 
43 
The a stresses once again show a strikingly linear behavior and 
X . ' 
the distortion of the footing is consistent and gives a r2asonably 
good picture of the distortion that might be created. 
C. Problem 3: Wall Footing___?ubjected to External \ 7 ertical Loads an~ 
}i:xternal Ove~turning Home_nts 1vith the Resultant Fall-
ing Outside the 1-Uddle Third of the Footing 
In chis case the same set of data as the previous problem are 
taken except that the moment is now increased to 24,000 kip-inches so 
as to cause the resultant to fall outside the kern point of the foot-
ing. Here it has been assumed that soil pressures, both tensile as 
1·Jell as compr2ssive, · are developed. 'i'he same procedure as for Problem 
2 is followed and once again only the load matrix will chan3e. 
On analyzing the results it is found to have the same stress dis-
tribution as ihe previous problem except that under tl1e moment the 
stress waves are very much more turbulent, gradually dampening down 
into a smooth wave from similar to the behavior in Problem 2. 
The deformations are as shown in Figure 21. As mentioned pre-
viously it has been assumeu here that tensile forces are developed by 
the soil. It would be interesting to note that the tensile stresses 
acting on the right edge of the footing tend to deflect the structure 
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Due to the relatively recent development of the finite element 
method and extremely few published references available, the applica-
tion of this method to the problems investigated was one of trial and 
error. The main difficulty was the voluminous computer program to be 
handled and also the computer storage capacity. Accordingly, this in-
vestigation was carried out with simple support conditions and geometry 
at first, and was followed by repeated modifications. No particular 
method of approach at this stage can be said to be best since the finite 
element method is still in its initial stages of development and is in 
the process of being extended to cover more complicated structures. 
In this investigation, the accuracy of the results has been a 
function of the support conditions. One limitation of prime importance 
is due to the computer storage capacity. As the computer program was 
set up for a max imum capacity of 21 elements and 31 joints, the lower-
most node along the center line of the footing could not be included 
as a joint. Perhaps, it might have been more justified to eliminate 
the hings altogether and replace it by a roller support as at joints 
1, 2, and 3. This set of roller supports along the center line of 
the footing would help to keep the center line vertical and at the 
same time give a smoother stress distribution in the vicinity of the 
hinge. 
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Since the two halves of the footing were analyzed separately, it 
was arbitrarily decided to use the center line as a reference line so 
as to co-ordinate the results of the two halves. Hence it was neces-
sary to provide roller supports at the nodes along the center line. 
In addition it had to be specified that rx1 = rx = rx = O· that is 2 3 ' J 
there is no horizontal displacement. It must be pointed out, however, 
that in actuality the center line will not remain vertical. If the 
entire footing were analyzed simultaneously this arbitrary assumption 
would not have been necessary. 
It may be of interest to note the stress discontinuities between 
elements given by the finite element method. These are a direct re-
sult of the stress patterns assumed in the elements. Each element is 
stressed independently of its neighbors, and the gross continuity re-
quir eme nts which are satisfied, only insure a general similarity of 
stress in adjacent elements. However, a smooth curve approximating 
the straight line segments of the finite element solution gives a 
better picture of the stresses. 
From Figure 19 it can be observed that there is a significant 
gap of the stress magnitudes along the center line when considering 
each half separately. This could be e xplained by observing in Figure 
18 the big difference in concentrated forces at joints 1, 4 when con-
sidering each half separately. Th is is due to the h e avy moment across 
the center line, tensile along the left half of the footing to com-
pressive along the right half. A smoother variation could have been 
obtained if the entire footing was analyzed together instead of 
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analyzing each half separately. A similar explanation applies for the 
gap in deformations along th~ center line in Figure 21. 
Based on stress resultants, equilibrium is satisfied mainly at 
the nodal points of the finite element system. However, the error 
involved by approximating the distributed stresses by stress resulta~~s 
are reduced to zero as the dimensions of the elements become infinitesi-
mal. 
The stress-strain relationship, Equation 5, is independent of the 
element size. As the sides of the element can be assumed to remain 
straight even into the plastic range of the material, contin~ity is 
ahvays maintained between elements. Thus this method should be appli-
cable to structures with non-linear material properties, although the 
details of the solution for the stiffness matrix of the element will 
be more complex. 
Flexibility . in mesh layout is another advantage of this method 
which could be utilized effectiv~ly to solve a particular problem. In 
the region of stress concentrations, i.e. points "\vhere the errors from 
this analysis we re found not satisfactory , separate fine mesh studies 
coulJ be made. This favorable characteristic of the method is yet 
a ne>th er advantage , i.e. the combination of analysis of different mesh 
sizes. 
TI1e finit e cl ement approach reduces the analysis of a two-dimen-
sional structure to a simple procedure that can b e carried out if one 
has a detailed knowledge of the method but not necessarily of the 
computer program. 
A detailed study during this investigation led to the following 
conclusions: 
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1) The number, type and position of supports make a trcmencous 
impact on the stress distribution and magnitude. With hinge supports, 
there is a tendency of stress concentration at that point. 
2) Unless the structure is in stable equilibrium with respect to 
loads and reasonable support conditions, inconsistent setsof results 
will be obtained. 
3) In view of the consistent set of results obtained it may be 
pointed out that the investigation portrayed a reasonably good picture 
of the actual stress distribution. 
As it turns out, it seems to be a good tool, and with further 
development it will encompass more of the practical engineering struc-
tures. Moreover, with the increasing availability of large computers, 
lengthy and complicated problems could be solved with relative ease 
by this method. It may be even predicted that this could very well 
be the numerical method of tomorrow for structural engineering. 
VI. RECOMNENDATIONS 
For further study, it would definitely be worthwhile to break up 
the elements adjacent to the center line into smaller pieces because 
of the gr s at fluctuation of stresses in this area. 
In order to do this, certain modifications would be necessary in 
the displacement transformation matrix betwe,en the third and fourth 
columns, as illustrated in Figure 22. The modifications would occur 
with respect to joints 23, 25 and 27. Joint 23 only affects elements 
C and W and not D. Similarly joint 25 and 27 do not affect elements 
K and R respectively. If it is necessary to have a more accurate 
solution, the elements ought to be small near points of expected stress 
concentrations and large 'tvhere the rate of change of stresses is ex-
pected to be small. 
It would be interesting to compare the above solution \vith the 
solution obtained by using triangular elements which is also formula-
ted by Clough (7). Using this latter system, elements may be taken 
in any haphazard manner desirable thus attaining a greater flexibility 
in mesh layout. Moreover, the number of variables would also be 
greatly reduced and hence the computer program made much simpler. 
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STRESS ANALYSIS OF AN ISOLATED FOOTING SUBJECTED TO EXTERNAL 
VERTICAL COLUMN LOADS AND UVERTURNJNG MUMENTS BY THE FINITE 
E L E r~, E NT ME T H 0 0 • 
OVERALL PROGRAM DESCRIPTION WILL BE GIVEN HERE FOR ALL 3 PARTS OF 
THE CALCULATION PROCEDURE. 
ANALYTICAL REFEREN:E, SEE 
PAGES 345 TO 378, SECOND CUNFEREN:E ON ELECTRONIC 
COMPUTATION, AME~ICAN SOCIETY OF CIVIL ENGINEERS. 1960 
PROGRAM DESCRIPTION FOR PART 1 (ADILG1) 
PART 1 FIRST CALCULATES THE M AND K SUB-MATRICES. THEN THE 
A MATRIX IS READ IN TO CALCULATE THE MA AND KA MATRICES. KA 
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IS THEN MULTIPLIED BY A TRANSPOSE TO FORM CAP K. THESE VALUES ARE 











IS AS FOLLO\'IS 
DATA HEADER CARD CONTAINING AN ALPHABETIC 
DESCRIPTION OF THE PROBLEM TO BE SOLVED • 
PARAMETER ENTRY CARD CONTAINING THE PROBLEM 
P A R A ~1 E T E R VA L lJ E S 
VALUE FOR E, MODULUS OF ELASTICITY 
VALUE FOR Tt THICKNESS OF THE ELEMENT 
VALUE MU, POISSON$ RATIO 
NUMBER OF ROWS AND COLUMNS OF K AND M (MAX. = 21) 
NUMBER OF COLUMNS OF A (MAX = 31) 
NUMBER OF NON-ZERO SUB-MATRICES IN A 
INDEX = 1, ALL SUB-MATRICES OF Kt M, CAP K, AND 
THE JOINT DISPLACEMENT MATRIX WILL 
PRINTED. 
= 2, NO PRINTOUT OF SUB-MATRICES. 
DATA CARDS ARE ORGANIZED AS FOLLOWS 
ELEMENT DIMENSIONS ACCORDING TO THE ROWS OF K 
COLUMN 1-10 A DIMENSION 
11-20 B DIMENSION 
DISPLACEMENT TRANSFORMATION MATRIX BY COLUMNS 
COLUMN 1- 3 ROW INDEX 
4- 6 COLUMN INDEX 
7 BLANK 
8-32 FIRST COLUMN OF THE SUB-MATRIX 
33-57 SECOND COLUMN OF THE SUB-MATRIX 
( 2 I 3 t 1 X t 10 F 5 • 2) 
C 0LUF'-1N COUNT 
THE NUMBER OF . NON-ZERO ELEMENTS IN EACH COLUMN OF THE 
DISPLACEMENT TRANSFORMATION MATRIX .(2413) 
PROC.EEDING FROM FIRST COLUMN OF MATRIX TO THE LAST. 
LOAD ~1ATRIX 
FIRST LOAD MATRIX DATA CARD . 
COLUMN 1- 5 NUMBER OF NON-ZERO ELEMENTS OF THE LOAD MATRIX · 
6-10 = 1, LAST LOAD MATRIX FOR THIS PROBLEM, GO 
BACK TO BEGINNING FOR A NEW PROBLEM 























= 3, GO BACK TO READ A NEW LOAD MATRIX FOR T 
THIS PARTICULAR PROBLEM 
LOAD t-·1ATRIX CARDS 
COLUMN 1- 5 POSITION OF NON-ZERO VALUE IN THE MATRIX. 
6-20 NON-ZE{O VALUE OF R 
PROGRAt-1 PART 2 
THIS PART WILL SOLVE FOR THE JOINT DISPLACEMENTS (SMALL R) 
CAUSED BY ·THE APPLIED LOADS. 
PROGRAM PART 3 
THIS PART SOLVES FOR THE FORCES IN STRUCTURAL ELEMENTS (CAP 5) 
AND THE OVERALL STRESSES OF THE ENTIRE ASSEMBLAGE FOR THE FOOTING 
- E L E f"1 EN T S ( S I G t~ A ) • 
D I f-1 E N S I 0 N T ( 1 0 5 , 5 ) , S M ( 1 0 5 , 5 ) , S K ( 1 0 5 , 5 ) , Z A K ( 4 1 5 , 2 ) 
EQUIVALENCE (T, ZAK) 
DIMENSION F(5,10), G(5,5), H(5,5) 




••••• DEFINE DISK AREA FOR INTERMEDIATE WORK AREA ••••• 
DEFINE DISK (20,1000) 
R E AD 1 0 0 , T I T L E , E , X T , U , L I ~· 1 I T , N C 0 LA , N Z E R A , IN DE X 
2 ZLAMDA = 2.0*{1.0 + U) 
••••• PRINT PARAMETER LIST ••••• . 
PRINT 210, TITLE, Et XT, u, LIMITt ZLAMDA 
••••• CALCULATION OF INITIAL CONSTANT FACTORS FOR PROGRAM ••••• 
OMU = 1.0 - U 
USQ = U*U 
FMUSQ = 4.0 - USQ 
TPUSQ = 2.0 + USQ 
c = 2.0/3.0 
El = 1.0/E 
FACT OR = ( E *X T) I ( 8. 0 ,_o: ( 1. 0 - US Q) ) 
••••• INITIALIZE DISK · INDEXES ••••• 
LDKA = 1 
LDtvlA = 171 
LDCAPK = 341 
••••• INITIALIZE THEN MATRIX FOR CALCULATION OF M SUB-MATRICES ••••• 
0(1,1) = 1.0 
0(2,2) = 1.0 
D{2,1) = 1.0 
0( 1,2) = -1.0 
••••• MAJOR PROGRAM LOOP FOR CALCULATION OF SUB-MATRICES ••••• 
DO 999 NSTEP=1,LIMIT 
READ 101, XA, 8 
DO 19 1=1,5 
DO 19 J=1,10 
IF ((1+5) - J) 17,18,17 
18 F(I,J) = 1.0 
GO TO 19 
17 F(I,J) = 0.0 
19 CONTINUE 





F ( 1, 1 ) = X A::.:: E I 
F ( 1, 2 ) = -F ( 1, 1 ) 
FC1,3) = u:::F(l,2) 
F(2,2) = F(1,2) 
FC2,4) = (-(8*8)/XA)*EI 
F(2,5) = B*ZLAMDA*EI 
F(4,1) = F(l,l) 
F(4,3) = F(l,3) 
F(4,4) = F(2,4) 
F(4,5) = F(2,5) 
F(5,3) = B)!:EI 
F(3,3) = F(5,3) 
F(3,4) = -F(3,3) 
F(3,1) = -U*F(3,3) 
F(5,1) = F(3 7 1) 
F(5,4) = F(5,3) 
••••• CALCULATE THE M SUB-MATRIX ••••• 
••••• INVERT THE CAP A MATRIX ••••••• 
CALL ADILG4 (F, NSTEP) 
••••• MULTIPLY THEN MATRIX TIMES THE INVERTED MATRIX ••••• 
C A L L M T X t·1 P Y ( D , F ( 1 , 6 ) , G ( 1 , 1 ) , 2 , 2 , 5 , 5 , 5 ) 
CALL MTXMPY (0, F(3,6), G(3,1), 2t 2, 5, 5, 5) 
G(5,1) = F(5,6) 
G(5,2) = F(5,7) 
G(5,3) = F(5,8) 
G(5,4) = F(5,9) 
G(5,5) = F(5,10) 
••••• CALCULATION OF THE K SUB-MATRIX ••••• 
Z = B/XA 
Al = C:~Ft~USQ*Z 
A2 = or~U/Z 
A3 = OMU ,:cz 
A4 = C*FMUSQ/Z 
A5 = c~:cTPUSQ*Z 
A6 = C~:TPUSQ/Z 
H(l,l) = (Al + A2)'::FACTOR 
H(2,2) = H( 1, 1) 
H(3,3) = (A4 + A3)*FACTOR 
H(4 7 4) = H(l,l) 
H(5,5) = H(3,3) 
H(2,1) =-(AS+ A2)):(FACTOR 
H(3,2) = -(1.0 + U)'::FACTOR 
H(5,2) = (1.0- 3.0*U)*FACTOR 
H ( 't , 3 ) = - H ( 5 t 2 ) 
H(5,4) = (1.0 + U)~cFACTOR 
H(3,1) = H(5,4) 
H(4,2) = (-Al + A2)*FACTOR 
H(5,3) = (A6 - A3)*FACTOR 
H(4,1) = (A5 - A2)*FACTOR 
H(5,1) = H(4,3) 
H( 1,2) = H(2, 1) 
H(1,3) = H(3,1) 
H(1,4) = H(4,1) 
H(l,5) = H(5,1) 
H(2,3) = H(3,2) 
63 
H ( 2 , 4 ) = H ( 4 , 2 ) 64 
H(2,5) = H(5,2) 
H(3 7 4) = H(4,3) 
H(3,5) = H(5,3) 
H(4,5) = H(5,4) 
GO TO (81, 83), INDEX 
81 PRINT 201, NSTEP, NSTEP, XA, B, G 
PRINT 212, NSTEP, NSTEP, XA, B, H 
83 DO 71 1=1,5 
LIN ·= 5*(NSTEP - 1) + I 
DO 71 J=1 7 5 
SK(LIN,J) = H(I,J) 
71 SN(LIN,J) = G(I,J) 
999 CONTINUE 
C ••••• AT THIS POINT THE PROG~AM WILL BRANCH TO PART 2 FOR 
C CALCULATION OF OVERALL K MATRIX ••••• 
DO 73 NSTEP=I,NZERA 
NH IGH = 5'::NSTEP 
NLOH = NHIGH - 4 
READ 110, IROW(NSTEp),JCOL(NSTEP), ((A(ltJ)t I=NLOWtNHIGH), J=l,2) 
JK = LDKA + 2*(NSTEP - 1) 
JM = LDMA + 2*CNSTEP - 1) 
NS = 5*IROW(NSTEP) - 4 
FIND (JK) 
C A L L I' 1 T X r--1 P Y ( S K ( N S , 1 l , A ( N L 0 W , 1 ) , T , 5 , 5 , 2 , 1 0 5 , 4 1 5 ) 
C ••••• RECORD THE K SUB-MATRIX ON THE DISK ••••• 
RECORD (JK) ((T(!,J), 1=1,5), J=1,2) 
GO TO (88, 89), INDEX 
88 PRINT 248, IROW(NSTEP) ·, JCOL(NSTEP), ((T(I,J), I=1,5), J=1,2) 
89 FIND (JM) 
CALL MTXMPY (SM(NS 7 1), A(NLOW,1), T, 5, 5, 2, 105, 415) 
C ••••• STORE THE M SUB-MATRIX ON THE DISK ••••• 
R E C 0 R D ( J fij ) ( ( T ( I , J ) , I = 1 , 5 ) , · J = 1 , 2 ) 
GO TO (78 7 73), INDEX 
78 PRINT 249, IROWCNSTEP), JCOL(NSiEP), ((T(I,J), 1=1,5), J=1,2) 
73 CONTINUE 
READ 112 , ( J\1 OC ( I ) , I = 2, NC 0 LA) 
N DC ( 1) = 0 
NOC(NCOLA + 1) = 1 
DO 65 NSTEP =1,NZERA 
JK = LDKA + 2*(NSTEP --1) 
FIND (JK) 
NHIGH :: 5'::NSTEP 
f'-JL0\4 = NH IGH - 4 
C ••••• BRING THE KA MATRIX OFF THE DISK ••••• 
FETCH ( J K ) ( ( D ( I , J ) ·, I = 1 , 5 ) , J = 1, 2 ) 
DO 11 1=1 7 5 
DO 11 J=1,2 
LIN = NLOW + I - 1 
11 ZAK(LIN,J) = D(l,J) 
65 CONTINUE 
NTI = 0 
M I = 1 
KEY = 1 
C THIS ROUTINE CALCULATES THE PRODUCT OF A TRANSPOSE KA ••••• 
DO 56 NI = 1,NCOLA 
M I = (1.\ I + NOC ( N I ) 65 
MJ = 1 
I T 0 P = N OC ( N I + 1 ) 
DO 56 NJ = 1,NCOLA 
MJ = MJ + NOC(NJ) 
D(1,1) = o.o 
D(2,2) = o.o 
D ( 2, 1) = 0 .0 
D(1,2) = o.o 
JTOP = NOC(NJ+l) 
DO 55 NK=1,ITOP 
DO 55 KL=1,JTQP 
KV = MI + NK - 1 
KS = MJ + KL -1 
IF (IROW(KV) - IROW(KS)) 55,52,55 
52 KEY = 2 
DO 79 1=1,5 
DO 79 J=1,2 
LIN = 5~:C(KV - 1) + I 
79 AT(J,I) = A(LIN,J) 
JK = 5*KS - 4 
C A L L M T X t-1 P Y ( AT , Z A K ( J K , 1 ) , P , 2 t 5 , 2 , 2 , 4 1 5 ) 
0(1,1) = 0(1,1) + P(1,1) 
0(2,2) = 0(2,2) + P(2,2) 
D(2,1) = 0(2,1) + P(2,1) 
0(1,2) = 0(1,2) + P(l,2) 
55 CONTINUE 
GO TO (56, 50), KEY 
50 NTI = NTI + 1 
KEY = 1 
JM = LDCAPK + 2*(NTI - 1) 
C · ••••• THE RESULT IS RECORDED ON THE DISK FOR THE NEXT PROGRAM •• • • • 
RECORD (JM) ((0(I,J),I=1,2),J=l,2) 
I P (NT I ) = N I 
JP(NTI) = NJ 
GO TO (77, 56), INDEX 
77 PRINT 250, NI,NJ,NTI,((O(I,J),I=1,2),J=l,2) 
56 CONTINUE 
C ••••• AT THIS POINT THE PROGRAM BRANCHES TO THE SECOND PART TO 
C .SOLVE FOR SMALL R ••••~ 
CALL LINK (ADILG2) 
100 FORMAT (20A4/3El0.0,615) 
101 FORMAT (3E10.0) 
110 FORMAT (_2I3,1X,lOF5.2) 
112 FORMAT (2413) . 
210 FORMAT (1H120A4//4H E =F20.8/4H T =F20.8/5H MU =F20.8/7H SIZE =110 
1/BH LAMDA =F20.8//) 
201 FORMAT (/3H M(I2,1H,I2,1H)5X3HA =F15.5,5X3HB =Fl5.5//(5El8.8)) 
212 FORMAT (/3H K(I2,1H,I2,1H)5X3HA =F15.5,5X3HB =Fl5.5//(5El8.8)) 
248 FORMAT (/4H KA(I2,1H,I2,1H)//(5E18.8)) 
249 FORMAT (/4H MA(I2,1H,I2,1H)//(5E18.8)) 
250 FORMAT (/6H CAPK(I2,1H,I2,1H)I5//(2E18.8)) 
END 
PROGRAM FOR COMPUTATION OF STRESS ANALYSIS PART 2 
THIS ROUTINE SEGMENT READS THE MATRIX A TRANSPOSE KA FROM THE 
DISK STORAGE AND THEN READS ·IN THE LOAD MATRIX FROI--1 CARDS. 
PROGRAM TO SOLVE FOR SMALL R. THE GAUSS -JORDON SUBROUTINE IS 
USED TO FIND SMALL R. SMALL R IS THEN LEFT IN CORE STORAGE 
FOR THE NEXT PROGRAM TO WORK ON • 
DIMENSION SOLVE(62 7 63), R(62) 7 IPC225), JP(225) 
DIMENSION IROW{85) 7 JCOL(85), NOC(32) 




DEFINE DISK (20,1000) 
DO 64 1=1,62 
64 R (I ) = 0. 0 
READ THE LOAD MATRIX ••••• 
READ 109 7 NZERR, LAST, (1, R(l), K=1,NZERR) 
109 FORMAT (2I5,/(I5 7 F15.5)) 
••••• CLEAR THE MATRIX TO ZEROS ••••• 
NT = 2~~NCOLA 
NTP = NT + 1 
KEY = 1 
72 DO 5 I = 1 7 NT 
DO 5 J=1,NTP 
5 SOLVE<I,J) = 0.0 
DO 6 I=1,NT 
6 SOLVECI,NTP)= R(l) 
GO TO (70 7 71), KEY 
71 SOLVE(1 7 NTP) = A1 
SOLVE (3,NTP) = A2 
SOLVE (5 7 NTP) = A3 
70 DO 10 LOOK = l,NTI 
LS = LDCAPK + 2*(LOOK- 1) 
!HIGH = 2*IP(LOOK) 
I LOW = I HIGH - 1 
JHIGH = 2*JPCLOOK) 
JLOW = JHIGH - 1 
••••• BRING · THE MATRIX A TRANSPOSE KA INTO THE CORE STORAGE ••••• 
FETCH (LS) ((P(l,J),I = 1,2),J = 1,2) 
DO 11 I = 1, 2 
DO 11 J = 1,2 
K = ILOW - 1 + I 
L = J L O~J - 1 + J 
11 SOLVE (K 7 L) = P(I,J) 
10 CONTINUE 
GO TO (61 7 60), KEY 
61 DO 63 I = 1 7 NT 
SOLVE(l 7 1) = 0.0 
SOLVE ( I , 3) = 0. 0 
63 SOLVE (1,5) = 0.0 
SOLVE (1 7 1) = -1.0 
SOLVE (3,3) = -1.0 
SOLVE (5 , 5 ) = -1.0 
••••• SOLV~ FOR SMALL R ••••• 
60 CALL GAUJOR (SOLVE,NT,NTP,62,63) 
GO TO (50,5l),KEY 
50 KEY = 2 
Al = SOLVE ( l,NTP) 
A2 = SOLVE (3,NTP) 
A3 = SOLVE (5,NTP) 
PRINT 58, Al,A2,A3 
58 FORMAT(/4H Xl=F20.8,5X3HX2=F20.8,5X3HX3=F20.8/) 
GO TO 72 
51 DO 7 I=l,NT 
7 R(l) = SOLVE(I,NTP) 
C ••••• BRANCH To THE THIRD PART TO FINISH ••••• 









PROGRAM . FOR COMPUTATION OF STRESS ANALYSIS PART 3 
P A R T 3 \·J H I C H \,1 I L L C A L C U LA T E T H E V E C T 0 R S AN D S I G M A • 
KA AND MA ARE READ FROM DISK STORAGE AND USED IN THE CALCULATION. 
D I 1-1 EN S I 0 N S t_, ( 4 1 5 , 2 ) , S K ( 1 0 5 ) , R ( 6 2 } , \·J ( 4 1 5 ) , N DC ( 3 2 ) 
DIMENSION IPC225), JP(225), IROW(85), JCOL(85) 
D It·1 EN S I 0 N 0 ( 5 , 2 ) 
C or•11·1 ON LAST 
COMNONLDKA,LDMA,LDCAPK,NTI,NCOLA,NZERA,INDEX,IP,JP,IROW,JCOL,NOC,R 
DEFINE DISK (20,1000) 
LIT= 2:::NCOLA 
12 PRINT 212, CR(l),l = 1,LIT) 
212 FORMAT (/ 8H SMALL R//(5E18.8)) 
KEY = 1 
KOISK = LDHA 
PRINT 200 
200 FORI~AT (/21H CALCULATION OF SIGMA//) 
60 DO 11 1=1,105 
11 SK(I) = 0.0 
DO 90 NSTEP=1,NZERA 
NS = KDISK + 2*(NSTEp - 1) 
N H I G H = 5 ::~ N S T E P 
N L 0 \~ = N H I G H - 4 
rETCH (NS) ( (DC I ,J), I=1,5) ;J=1,2) 
DO 14 I=1,5 
DO 1 1+ J=1,2 
LIN = NLOW + I - 1 
1 ''" S r·~ ( L I N , J ) = 0 ( I , J ) 
90 CONTINUE 
DO 56 NI =1,NZERA 
K R = I ROW ( N I ) 
KC = JCOL(NI) 
KRS = s:::NI- 4 
KCS = z:::KC- 1 
C A L L ~ 1 T X ~1 P Y ( S fvl ( K R S , 1 } , R ( K C S ) , W , 5 , 2 ' 1 ' 4 1 5 ' 6 2 ) 
f'J S = 5 :~ K R - 4 
DO 91 1=1,5 
LS = NS + I - 1 
91 SK(LS) = SKCLS) + WCI) 
55 CONTINUE 
56 CONTINUE 
PRINT 205, CSK(I), 1=1,105) 
205 FORMAT (5El8.8) 
GO TO (71, 72), KEY 
71 KEY = 2 
KDISK = LDKA 
PRINT 201 
201 FORMAT (/17H CALCULATION OF S//) 
GO TO 60 
72 GO TO (1, 4, 79), LAST 
79 CALL LINK (ADILG2) 
4 CALL EXIT 
1 CALL LINK (ADILG1) 
END 
C THIS IS A SPECIAL ROUTINE TO INVERT THE 5 BY 5 SUB-MATRICES 
C TO CALCULATE CAP M. 
c 
SU BROUTINE ADILG4(F, N). 
DI MENSION F(5 7 10) 
DO 22 1=1,5 
IF (A~S(F(I,I)) - 5.0E-5) 19 1 20,20 
20 L = I + 1 
DO 21 K=L,10 
21 F(I,K) = F(I,K)/F(I,I) 
DO 22 J=l,S 
IF (! - J) 25,22,25 
25 DO 24 K=L,lO 
24 F(J,K) = F(J,K) - F(!,K)*F(J,I) 
22 CONTINUE 
RETURN 
19 PRINT 311, N 
CALL EXIT 






E 3000 kips per square inch 
T 12 inches 
HU = 0.15 
SIZE = 21 
LAMDA = 2. 3 
ADILG2 11SOO 41798 LOADED 
GAUJOR S3298 01394 LOADED 
OS S4692 01S30 LOADED 
56222 00474 LOADED 
PROBLEM NO. 1 
03 
X1 -287.38831 X2 = -217.4S866 X3 
ADILG3 11SOO 1S942 LOADED 
MTXl'lPY 27 4L~ 2 00654 T ...OADED 
OS 28096 01S30 LOADED 






L..lo-__},L__4 _ -__.. • .._..1 ........ 55J823_4LJo..Ow...E_-.u..O.._l ---·.....J351222_8lE::0~-------
.23220790E+OO . -. -74299!+~76~01 








K ~- j /'(" 
~~~--~~--------~~~----------~r-----~------cr~ _____________ L_· _____________ _ 
-.25a02576E+01 -. 2402 7300E+OO 
-.20979635E+01 -.10671500E+00 
-.l4614167E+O 1 - 16 73900E+OO 
-. 102418 71 E+O 1 -.17347100E+00 
~. 60351570E+OO -.17334000E+OO 
-.19815500E+OO 7478000E+00 
.29530491E+O 1 ~.41490390E+OO 
\ 
• 2 4442 752E+O 1 -.25393900E+OO I 
.• 140 41 55 6 E +0 1 -.22260700E+OO 
• 10 113696E+O 1 -.23904200E+OO 
.58865990E+ 0 - 21968000E+OO 
.17672100E+OO -.28684000E+OO 
OF s 
~ ~ 8 2 64 915 0 E +0 0 
.;.; • 2 4 3 7111 9 E +0 0~ 
- 94190000 
-. 16175 708E-+OO 
-.173 70AOOE +00 . 
-.17 60 
-. 64628400E +00 
-. 56408 910E +00 
-.35365000E+OO 
-. 3 513 2 5 30 E +0 0 
-. 674 10 




-. 8 38224:00 E+OO · 
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, 7 2 9 3 2 118 E + 0 2 - • 7 2 l 4'+ 0 50 E + 0 l - • 3 1 0 5 3 9 4 0 E + 0 2 - • 6 3 R 6 0 6 3 0 E +0 2 - • 9 0 1 9 9 1 H 9 E +0 2 
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4 2 6 1 7 a a a r: tO 2 - • 1 7 9 6 l 5 6 0 E + 0 2 • 2 '~ 0 11 7 0 0 F + 0 2 - • 42.3..9-0!-t.-().QL+O 2 - • 3 U4.0.0.0!l.£..±0-2-------
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,27237310E+02 -.22490630E+02 -.90070000E+Ol -.27264300E+02 -.26530200E+02 
----· 2-.7~0.L.62_.72_l2.E.±.Q_3 - .l'l7.LI4Q_7E__+_0.3 -. L4_1L5.4Ji_OE.t02 ._l6_l6't.15 6E._tQ_3 ___ ~.A2.5 78 63 8E._t_Q2 
,23473981E+03 -.17330083E+03 .ll004310E+02 .l2556499E+03 -.40453320F.+02 
.18700404E+03 -.13944414E+03 .14482870E+02 .90R26510E+02 -.36885450E+02 
.13838691E+03 -.10461 550E±03 .1070B200E+02 .64026?50E±02 -.31453360Ft02 
,97797740E+02 -.75194900E+02 .62295000E+Ol .42829680E+02 -.27482900E+02 
, 6 54 3 3 0 1 0 E + 0 2 - • 5 3 2 2 54 0 0 E + 0 2 -, 4 2 3 9 7 0 0 0 E + 0 1 • 1 3 5 7 3 6 0 0 E +0 2 - • 3 0 9 8 5 4 0 0 E +0 2 
• 2 57 8 13 4 0 E ± ~- -2 _ _ - . _2.2.5.l6li0w...JE,__+~0.._.2~------· .-2 .>oL.6 4__._.2 . ..... 5oLJO..._,OoLJoO ....... E......:.+_OL..Aoo2 __ - .32.6.4 3 0 0 O.E._ +.:....>.0 ...... 1..__ __ -_._, --3 I.2__42..0Jl0£.±112_ 
ADILG2 11500 41798 LOADED 
GAUJOR 53298 01394 LOADED 
05 5469/ 01530 lOADED 
03 5622l 00474 LOADED 
-------------- ----- -- ·-
PROBLEH NO. 2. Left Half of the Footing 
E 3000 kips per square inch 
T 12 inches 
MU = 0.15 
SIZE == 21 
LAMDA = 2. 3 
ADILG2 11500 41798 LOADED 
GAUJOR 53298 01394 LOADED 
05 54692 01530 LOADED 
03 56222 00474 LOADED 
X1 -254.93217 X2 = -291.76134 
ADILG3 11500 15942 LOADED 
HTXMPY 27 44 2 00654 LOADED 
05 28096 01530 LOADED 
03 29626 00474 LOADED 
X3 293.20244 
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PROBLEM NO. 2. Right Half of the Footing 
Xl = -311.55139 X2 = -144.319 
ADILG3 11500 15942 LOADED 
HTXMPY 27442 00654 LOADED 
05 28096 01530 LOADED 
03 29626 00474 LOADED 
X3 165.39468 
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PROBLEM NO. 3. Left Half of the Footing 
Xl = -204.63335 X2 = -444.14777 · X3 = 426.12493 
ADILG3 11500 15942 LOADED 
MTXMPY 27442 00654 I,OADED 
05 28096 01530 LOADED 
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